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ONTHEOPTIMA正ECONOMICGROWTH
UNDERUNCERTAINTY
BYMUTSUHIROKATO
Abstract・
Thispaperstudiestheoptimaleconomicgrowthunderlaborforce
supplyuncertainty.Themodelisthefinitehorizonneoclassicalaggregative
modelofoptimalaccuπ1ulationwithrandomrateofincreaseinthelabor
forcesupply.Themai且objectoftheanalysisistoinvestigatetheefEects
ofincreaseduncertaintyontheoptimalprogramofcapitalaccumulation.
Whethertheplan血gboadfacingincreaseduncertaintyshouldincreaseor
decreasetheoptimalrateofaccumulationdependsontheattitudeofthe
representativeindividualtowardriskaversion,Itisshownthataccording'
topossiblealternativeterminalconditionsdifferentresultsconcerning.the
abo寸equest量onareoもtained.
1.IntroductiQn
Inthemiddleofthenineteen.slx亡iesSamuelson,Koopmans,Cassamong
Qthersstudiedtheproblemofoptimalcapitalaccumulationintheneoclassical
one-sectoreconomy.ThistheoryisnotonIytheresurgenceoftheclassical
Ramsey'sproblembutalsothecornerstoheofsubsequentextensionsof
themodel量nvariousdirections.'Manyauthorshaveextendedthemodel
totheanalys量sofoptimalgrowthinaneconomywith血oロey,social
overheadcapital,externalities,exhaustibleresources,heterogeneouscapitaI
goods,internationaltrade,capitalmovementsandsoon.
InthepreselltpaperIshallbeconcernedwithanotherimportant
extension,that.is,thetheoryofoptimalgrowthunderuncertainty.The
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theoryofoptimalaccu卑ulationunderuncertaintywas丘rstoriginatedby
Phelps[14]asthetheoryofoptimalsavingofanindividualconsumer
facingcapitalrisk.S{ncePhelpslpathbreak量ngworktheinfluenceonthe
optimalindividualsavingandportfoliodecisionofuncertaintyaboutcapital
retum,wageincome,spanoflifeandcommoditypriceshasbeenextensively
studiedbymanytheorists.Ontheotherhand,theproble皿ofoptimaI
growthinamacroeconolnywithuncertaintyhasalso正)eenstudied{n
parallelwiththetheoryofoptimalsto6hasticgrow乞hoftheconsumer.
Ishallstudythetheoryofoptimaleconomicgrowthunderhncertainty,
inparticular,underlaborforcesupplyuncertainty.'The皿odelemployed
foraHalysisistheneoclass量calone-sectormodelofoptimalgrowthwith
randomrateofIaborf6rcegrowth.
AcoordillgtQtheintroductionofuncertaintytheobjectivecr圭terionis
replacedbyfhemaxim量zationoftheexpectedtotalutilityoveraplanning
horizon,sinceinastochasticenvironmentone .皿ustth三nkal正variables
rand6m.Then,t癖oimportantquestionss七emfromthiskindof皿odeL
Oneisaproblempertain三ngtothepropertiesofprobabi1三tydistributiGns
oftherandomvariables、throughtime.Inthisfie正dcontributionsby
BrockandMirman[3コ,Bourguignon[2],Meft6n[12],andDanthineand
Donaldson[6,7コareremarkable.Anotherisap■oblemconcerningthe
effectsonth60ptimalpoliciesofincreaseduncertainty.ofthed三stributions
oftheoriginalra阜domvariableintermsofRothschild』andStiglitz'smean
preservingspread1([16,.17]).InwhatfolIows,Ishallbeconcernedonly
withthelatterproblem.
Theeffectsofincreasedlaborforcesupplyuncertaintyintheoptimal
stochasticgrowthmodelhavenotyetbe⇔nexaminedin『theprevious
work,1)whereastheeffectsofincrea6eduncertaintyaboutotherkindsof
randomfactorshavebee且examinedbyHamada,Mirman,Leland,Bismu七,
McCabeandSibley,andCa1寸o. .lngenera1,theeffectsofvariable
uncertainty(i.e。,changeinthedegreeofuncertainty)ontheopt㎞al
accumulationstrategiesdependonthepsychologicalattitudeofthepeople
1)Inthestaticecono皿icmodeltheeffectsofincreasedlaborforcesupply
uncertaintywereanalyzedbyRothenbergandSmith[15]。
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ortherepresentativemantowardriskorriskaversion,So.Iwouldseek
toobtainexactre忌ultsforth俘problemposedabovetherebytoreinforce
theinsightofpreviousauthorsandfurthertoderiveanewresult.
Throughtheanalysis・theimportanceoftheterminalconditionsofthe
modelispointedout..` .
InordertoexplainthebackgroundofourquestionIwouldl)riefly
refertoMerton'sstudyofstochasticeconomicgrowththatincorporates
explicitlythelaborforcesupblyullcertaibtyin、themodel,Hismodelis
formulatedasacontinuous-timestochasticneoclassicalgrowthmode1.His
modelstartsfromadiffusionprocesstypepopulationdynamics,Its
processisexpressedbyastochasticdi{王erentiale(luation
(1-1)・4五(の=%五(')4'+σL(')42('),@〉σ2)・
whereLr6presentsthepopulationsizeorlaborforcesupply,4zstands
foraWienerprocess,and%Landσ2五2implytheinstantaneous皿eanand
varianceperunittimerespectively.
五(')μohasalog,normaldistributionwith .
(・一・)E・[1・・与i)]一(・ 一去・・)'
and
(…)吻[碍1)]魂 ・
where五 〇二五(0),
Combining(1-1)withana㏄umulationequation
(1-4)4K(の=F(1((の,・ 五('))6'-C(')4'
・yieldstheacculnulationequationintermsofpefcapitaamounts
(1-5)4ん=[ノ ぐ(々)一%々-6一 トσ2んコ4'一 σ々 49,ノ
whereπ,Cstandfortheaggregatefixedcapitalstockahdaggregate
consu血ptionrespectively,andF()∫epresentsthelinearhomogeneous
aggregativeproductionfunct玉ol1,andん=K/L,o=C/L,ノ()ニF()ノ 、乙
respectively.Inthederivatio1ユoftheequation(1-5)famousIto'slem皿a
isused. .・
Theoptimalgrowthmodelintheabo▽edescribedeqonomyhasa
perversecharacteristic.Namely,maximizingtheexpectedtotalutility
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E・[∫『%(6(の)・一瑚 ・
1)ychoos童ngtheoptimalconsumptionpolicies<6(々)>sublecttothestochastic
accu皿ulatiollequation,(1-5>,theinitialcondition,ん(0)、=々o=givenconstant,
andthetransversalitycondition,1勿¢`→QoE彦[z〆(c)θ}β`ん]=0,givesrisetoa
seriousmathematica1・di伍culty(lnaboveexpressions%()isastrictly
concaveutilityfunctionandβisadiscountrate).Tφavoidthistrouble
Mertonassumesβ ニ0,andthemodelthereforereducesto'theundiscounted
Rahlseytypemodelwithstochasticlaborforcegrowth.
consulnptio且functionc㈹inthiSstochasticRamseytype
m・d・lw・ ・h・h…m・1…d?・jec・ ・ve・・・・…nE・[∫ 『・(・圃
versa11tycondition1ゴ〃z`→06E彦[〃(o)ん]=Osatisfiesafirst
d呈fferentialequation
(1-
(To
Theoptimal
opti皿algrowth
andthetrans.
order、ordinary
・)・一・(・(・))・鵬r酷 ・㈹ ・…]・・(・(・))・壱 ・々r〃'㈱ ・・㈹ ・
avoidthedivergenceoftheutilityintegralassumeherethat%(o)and/or
∫ ㈲areboundedfromabove,)Toobtainaclosedformsolutionffomthis
equationisimpossible,andullfortunatelytoexaminetheef〔ectsofanincrease
invariance.σ20ntheoptimalconsumptiono(々)圭salsoinfactdi缶cult.
Ontheotherhand,ifwetransformMerton'smodelintothediscrete.
timemode1,then,aswillbeshownlater,thediscountedfinite.horizoncase
caneasi1アbeha且dled,andespeciallytheef蝕ctsofincreaseduncertainty
canalsobeinvestigated.ThereareseriousdifEerencesbetweenthe
continuous.timeop㌻imalstochasticgrowthmodeland 、thediscrete.tlme
one,Ishallthereforeutilizethediscrete・timemodelwhichhasagreater
advantageformypu士poseinthepresentpaper.
BeforeproceedingtotheformulationandanalysisofthemodelIbriefly
refertothepreviousstudies,Hamada[8]analyzesthebalancedgrowthin
aneconomywithrandomreturnontheforeigninvestment.Thesocial
welfareisexpressedbytheexpectedvalueofaquadraticutilityfunction
ofpercapitaconsumption.Itisshownthatanincreaseinuncertainty
decreasestheoptimalIeveloff6reigninvestment.Mirman[13]dealswith
theuncertaintyofproductiontechnologyinasimpletwo.periodmodel.「It
isshownthatthethirdderivativeoftheutilityfunctionplaysan量mportant
ONTHEOPTIMALECONOMICGROWTH
UNDERUNCERTAINTY 7ヱ
roleintheanalysisσftheeffects、ofincreaseduncertainty.Leland[10コ
considerstheoptimalgrowthinaneconomywithrandomfixedtechnology
coe田cient.Theutilityfunctionsarespeci丘edtotheiso・elasticform.His
mainresultisthatanincreaseduncertairltydecreases(increases)theoptimal
consumption、astheelastiρityofmargin母1utility(i.e.,themeasureofthe
relativeriskaversion)isgreater(sm母ller)thanunity.Bislnut[1]
introducestherandomdisturbanceintotheaccumulationprocess(i.e.,
theprocessoftransformationofsavingintoinvestment).Heobtainsthe
somewh玖tS量mpleresult'whichassertsthatanincreaseduncertaintyin.
creasestheoptimalconsumption.McCabeandSibley[11] 、investigatethe
gptimalgrowthinanopeneconomyfacinguncertainexportrevenue.Their
collclusion・isthat批nincreasedhncertaintydecreases(increases)theoptimal
consumptionasthethirdderivativeoftheutilityfunction量spositfve
(11egatiウe).Calvo[4]examinestheefεectsofincreaseduncertaintyon
theoptimalconsunlptionstrategieswithintheframeworkoftheRawlsian
maxi-minaccumulationmodelw量thrandomtechnologycoe田cient.Itis
shownthatanincreaseduncertaintydecreasestheoptimalconsumption
consistentintheintergenerationalequity.Thestudiesreviewedabove
areourmainknowledgeonthetheoryofoptimaleconomicgrowthunder
uncertaintywiththediscussionofthee任ectsofincreaseduncertaintyon
theopti皿alaccumulationpolicies,
Thepaperisorganizedasfollows.InSection2t翼ef圭rstmodel
(referedtoastheρ ρあ 〃3α1ご τoα6〃z%1β あoπ ρ7097σ 〃zzo∫'ぬ げ%露 ゴα1砂 ργθ507¢6召4
'67雁 鰯1α ψ 吻1)isformulated.Onthebasisoftheexpectedutility
maximizationhypothesissillceDan三elBernoullimaximizingtheexpected
valueofthetotaldiscountedpercapitautilityarisingfromtheconsumption
overa丘niteplanninghorizoninaneoclassicalgrowingeconomywlth
uncertainfuturelaborforcesupplyisattempted.Theterminalcapita1.
laborratio.asthedestinationofthesystemis丘xedattheoutset.
Reflectingtheriskaversionl〕ehaviorofthepeopletheone.periodutility
fun(比k)nisassumedto,havethecoh〕cavity.Theoptimalμogr㎜of
caづitalaccumulationisderivedbyBellman'sdynamicprogrammingtechniques、-
anditspropertiesaredescril)ed.
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InSection3theeffectsQfincreaseduncertaintyontheoptimal
accumulatio登policiesareexamined.TheresultisthatameImpreservi㎎
increaseinuncertaintydecreases(incre盆ses)theoptimalconsumption
perheadwhenthethirdderivativeoftheutiiityfunctionispositi▽e
(negative).
InSection4thesecondmode1(referedtoastheρ ρおηzα護αcc%〃 勘 」α渉`o%
メ}γ09γαηzzσ 髭 ん ε多z(∫09¢%o%s砂46陀 γ粥 勿zα 」`θ7〃z初 認o⑫ 髭α1)isintroduced.
Thlsmodeldiflersfro皿thepreviousoneinthefollowingtwo『respects.
Oneisthatthevaluationfunctionαfthe、terminalcapital-1aborratioisadded
tothesocialwelfarefunctionalldtherefdretheoptimalterminalcapltaL噛
1aborratioisnotprescribe4attheoutsetbutisdeterminedendogenously
intheprocessofoptimization.Anotheristhattheutilityfunctめnsof
bothcurrelltconsumptionandtheterminalcapitalarespecifiedtothe・
iso・elasticform.Asiswellknowninthisclassofutilityfunρtionsthe
ArrowPrattmeasufeoftherelativerisk母versionisconstantforany・feasible
▽alueofargument.Theoptimalpoliciesandtheirprqpertiesarederived.
InSection5theeffectsofincreaseduncertaintア{orthismodelare
exa皿ined.Theresultisthatanincreaseduncertaintydecrea呂es(in.
creases)theoptimalpercapitaconsumptionwhentherelativeriskaversion
indexissmallerthanoneorgreaterthantwo(theindexisgreaterthan
onebutsmallerthalltwo)。 ・
.2.Optim31AccumulationProgramwithInitiaHy
PrescribedTerminalCapitalI:TheModeland
DerivationoftheOptimalPolicies
Inthissectionthefirstmodelisforlnulated.Asdescribedbefore
thediscrete.timemodelisadopted.-
Consideragτowingecono皿ywhereasinglegoodQ`(NetNational
Product)isproducedbythefixedcapitalstock瓦andthelaborforce五,.It
isassumedthattheeconomyhほstheneoc互assicalstructureandtherefore
thatthelaborforceisalwaysfullyemployedandtheplannedsavingis
alwaysequaltotheplannedinvestment.Thetechnologicalrelationship
amongQ,,K,母ndL,isexpressedbythes㎜othlysubst辻utableprQduction
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function
(2-1)Q,=F(.邸,」乙∂.
Itisassumedthatintheproduction.processtheIawofconstantreturns
toscaleprevails,i。e.,F()ishomogeneousofdegreeone.Itis
furtherassulnedthatthetechnologicalknowledgefortheeconomyis
unchanged,i.e.,F()isatime・invar量antfunction.Thecapital
accumulationprocessisexpressedby
(2-2)K叶1=K}十Qf-C彦,
whereqrepresentsconsumption.Forsimplicitycapitaldepreciationis
ignored.Itisassumedthat9,,瓦,ムandGarethebeginning.of.periods
amounts.Thelaborforcegrowthprocessisexpressedby
(2-3>」L`+1==(1十 η')・乙,,-1<π∫ 十QQ
where%,representsara霊eofgrowthofthelaborforce,Combiningthese
equationsyieldstheaccumulationequationintermsofpercapitaamounts
1(々
,十 ∫(島)-o∂,(2-4)ん,+1=1十勉
where々 彦=瓦/・ 乙`,ア(ん')=F(瓦 み)/LFF(ん',1)=Q4L',oFGIL'.Itisassumed
that∫(々)iswell.behaved,i.e.,'
(2巳5)!'>0,∫"<0,∫'(0)==十QO,〃 〃zノ"(々)=0.
ん→QO
Thepercapitafixedcapitalstock島startsfromagiveninitialvalue,i.
『eゆ
(2-6)々o等 ≦『6σ6%,0<々o<十9Q.
Since島mustbenon-negative,
(2-7)0≦c重 ≦ 々直十 ∫(為診)
mustbesatisfiedduringtheplanninghorizon.Thecurrentconsumption
o,generatesaninstantaneousutility%(6∂.Inth量sandthenextsections
七heutilityfunction%()iもnotspeci至iedtoanyparticular壬orm.Itis
assumedthat%(')hasproperties
』(2
-8)z〆(0)=十 〇Q,%'>0,%"<0。.'
Theconcavityof%()representstheriskaversionattitudeoftherep.
resentativeindividual.
'Th
ecentralplanningboadmustdecide .theoptimalconsumption!
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investmelltallocat呈onofthenetnationalproductateachtimeperiod.Our
criterionforintertemporaloptimizationisthemaxilnizationoftheexpected
totaldiscountedutilityGfthepercapitaconsumptionoveragivepplanning
horizon
T
(2-9)Eo[Σ'1ヒ ま%(o∂]'==0,1,...,T-
'=O
throughthe、choiceofafeasibieconsumptionsequence<60,σ1,_,67>.乃
denotestheconditionalexpectationoperator,conditionalon彦々and%`.R
(0<1～<1)representsthediscountfactor,i.e.,(1+rateofdiscount)}1.T
isaplanninghorizon.<ηo,η1,…,πr>isasequenceofindependently
butnotnecessarilyidentical互ydistributedrandomvariab工esassumedtobe
observableatthebeginningofeachtimeperiod.Finallythem.odelis
clos辞dbyintroducingtheterminalcondition
・(2-10)々7十1=ノ1=%oπ・7σフ¢6Jo〃360πs'α η'.0<ノ1く 十QQ
IIIsumthenlodeiisasfollows.
Iwouldca
ρ76507あ64'67〃z伽 α16砂 露α1
stochastic・generalization
(Cass[5]).,
Asisshownbelowtheoptimalpercapitaconsumptionat
timeかeriod圭safunctionofthepercapitafixedcapitalstockatthe
Maximizeβo[ΣR夢%(o∂]
Co,01,…,6?'=0
1
subjecttoん,十1=(島 十 ∫(々彦)-c,),1十
%ず
0≦o,≦ 島 十 ノ(島),
.んo=9勿6鎗,0<々o<十 〇Q
々7+1=温=non-randomconstant,0<五 く 十 〇Q
・<%
o,%1,…,%r>='asequen(leofindependentlybutnot
necessarilyidenticallydistributedrandomvariablesobser.
vableatthebegi皿ingofeachtimeperiod,-1<%K十 〇〇
≠=0,1,…,T,
llthismodeltheρρ≠伽 σ1αoo%勉%1観o%〃08ア α吻"拗 勿 露 ∫σ1砂
.Evidently,thismQdelisthe(discrete.time)
ofCass,deter皿inisticmodelofoptimalgrowth
each
same
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[%'(c,(鳥))](2-15)z〆(o`_1〈ん,_1)>1十ノ¢
,_1
'=1,2,・ ・㍉7、
Differentiatingthisequationwithrespecttoん,_1yields
(2-・6)・"(・'一 ・)・;-1(・一・)一(、+毒.、)・(・ ∫'(・'一・)一・;一・飼)
[!"(ん,)1～E,_1[〃(0,(々,))]
十(1十 ノ'(ん∂)・RE'_1[〃'(o')61(々 」)]].
ThisimpliesthatifO<ol(々,)<1+ア'(々∂thenO<ol_1(ん,_、)<1+∫'(々,_1).For
'=7㍉substituting(2-13),(2-16)impliessign[o}_、(ん外_、)]=Sign[1千 ノF'(々7_1)
-o}_1(錫_1)],i.eり0<c'7_1(ん7_1)<1十∫'(ん匹1).Thebackwardinduction
on≠establishes(2-14).g.E.D,
timeperiod.Therefore,Ishallwritetheoptimalconsumptionperhead
attime'as6`(ん`)throughoutthepaper.Asequenceofoptimalcon一
呂unlptionpolicies<co(々o),c1(海1),…,cT(ん7),>isderivedbythebackward
recursiveprocedureofBellman'sdynamicprogrammingtechniques.From
theterminalcondition(2-10)theoptimalpercapitaconsumptionatthe
finalstage,67(τ々),isgivenby
(2-1/)07(んT)=(紡十 ∫(んT>)一(1、十 物 うA.'
Theremainlngoptimalpolicies<oo(海o),01(彦1),…,cア_1(紡_1)>satlsfythefirst
orderdifferenceequation
(2-12)%'(・'(ん ∂)二1碧 霧i+・)RE'[%'(・ ・+・(ん・+・))1'=0・1・ … ・T-1
Thatistosay,theaccumulationpath<属 二given,ん1,ん2,…,紐_1,ん2・,A=
prescribed>satisfyingtheEulerequationanalogue(2-12)is.theopt童mal
trajectoryofthesystemamongfeasibleones.
Propertiesoftheoptimalpoliciesarenextdescribed.Theopt量mal
consu皿ptionisanincreasingfunctionoftheaccu皿ulatedcapital,i.e.,
PROPOSITION1.
(2-13)(の σを(んr)=1十!'(々7),
(2-14)(♂ の0<o;(々 ∂〈1十!'(ん 彦).'=0,1,…,7▼-1'
Proof.(のDifferentiat圭ng(2-11)withrespectto紛yields(2-13>,
(2の6,_1(島_1)mustsatis旬
=1+ノ'㈲1～ 瓦_1.
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ThepropositionstatesthatthemarginalprQpellsitytoconsumeoutof
capitalispos呈tive・andisnotgreaterthanoneplusthemarginalpro・
ductivityofcapita1.
Thes㏄ialwelfare(theexpectedtotalutilityperheadoverthepla皿lng
horizon)maximizedbyusingtheoptimalaccumul段tionpoliciesisalsoa
functionofthecapita1-laborratio.Idenotetheexpectedtotalutilityper
headfromtime'onwhentheoptimalpoiiciesareusedbyみ(紛.That
istosay,/}(勘)isdefinedby
'T
(2-17)ノ}(ん,)=〃 ¢σκE,[」 ΣR8-'%(68)]
6,,…,07s=渉
τ
=E`[Σ 」RS一物(Cs(ん8)〉]. .
s='
う
'=0,1,…,7、;s=',渉 十1,…,T
'Thefunctionみ(島)satisfiesthebasicrecursionrelationorthefunctiGna1
の つ
reCurslonequatlon.
(2-18>ゐ(々 彦)=〃zακ[%(窃)十 ∫～瓦[ノ}+1(ん 彦+1)]]
'o,
=%(o彦(鳥)〉 十 ∫～E`[み+1((1十 η彦)『1(島 十 ノ(島)-6♂(々,)))コ
`=0,1,…,7「-1
Thelnaximizedsocialwelfareatthelaststage,み(々 ノ),isgivenby
『(
2-19)ノ ン・(ん2・)=%(67(海 ゴ》)'
=%((島 ・十∫(々T))一(1十 π7)ゑ).
IRtheprocessofτecursivecalculatiQnoneimmediatelyknowsthe、
relationsbetweenth60pti皿alconsumptiono,(々,)andtheassociatedsociaI
welfareゐ(々 彦)
『
(2-20)〃(・ ・(∂々)=1転
、R践[11・ 、( ・々.、)]・
'=0,1,。 ・・,T-1
and
(2-2・)細 一 ・'(・・(島))(1+!'(鳥)!・ 「'
'==0,1ジ ・㍉T
Differentiat圭ng(2-21)withrespecttQ島yields、
(2-22)ノ7(鳶 ～)=%"(c,)c;(ん ∂(1十 ∫'(ん∂)十%'((7')!"(々 謬).
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CheckingthesigPsof(2-21)and(2-22)establishes
PROPOSITION2.』'
(2-23)み(々,>>0,≠=0,1,…,コ 【
(2-24)ノ}'(た ≠)<0.オ=0,1,…,T
Namely,thesocialwelfar合associatedwith・theoptimalpoliciesisan
increasingandstrictlyconcavefunctionoftheaccumulatedcapita1.
3.ContinuedII:TheEffectsofIncreasedUncertainty
o皿theOptimalAccumulationPolicies
Inowproceedtotheanalysisoftheinfluellceofanincreaseinthe
degreeofuncertaintyuponthewelfaremaximizingInulti.periodplanof
capitalaccumulation.Let<π;,%1,…,喝>bea・sequenceofπ;sundersome
originaldistributions,andlet<畔,%r,…,η1》betheoneundermore
uncertaindistributionswhichdifferfromtheoriginalsequence1)ymean
preservingspreads。Moreover,1et<ol(んo),ol(ん1),…,c}(んT)>bethese.
quenceoftheoptimalamountsofpercapitaconsumptionundertheoriginal
distributions,andIet<ol串(んG),or(ん、),…,o夢(々 の>betheoneunderthemore
unbertaindistributi6ns.Then,howshouldtheauthoritiesfacingmore
uncertainsituationchangetheoptimalconsump亡ionlinvestmentallocation
ofthe「netnationalproductateachtimeper玉odP'Theanswertothe
questionisasfollows.『
PROPOSITION3.
(3-1)(の ・6夢(ん7.)=oち(々7r).
(・-2)剛 率(嬢(ん,)・ ・〃"1・一 一・… …・T-・
Proof.2)(の(2-11)immediatelyleads'
(3-1)o参(ん ∂ ニo}(んT)=(んT十 ノ(ん7))一(1十 多¢7)ノ1.
(2のTheproofisindhctive.Forawhile,suppos6that%"'〉,0.Consider
(2-15).-TheLHSofthisequation,〃(o`_1),isadecreasingandstrictly
convexfullctionofo,_1,since%"<Oand%"'>01)ytheassumptio勲.Di鉦er.
2)ThemethodofproofisthesameastheoneusedinHartman[9ユdealing
withtheoptimalinvestmentdecisionofa.compet圭tivefirmunderpriceand
WageUnCertalnty・
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Fig.1.TheRelationbetweenOptimalPerCapitaConsumptionsat
AdjacentTimePeriods:TheCasewhereo;*(々,)<o;(ん,)
RHSwithc野(kt)
RHSwithc量(kt)
Ct-1(k匙 一!)
entiatingtheRHSoftheequatiollwithrespecttoo,_ユyields
-(1十%♂ _1)}2[∫"(ん,)1～E,_1[〃(o∂]十(1十ノ'(島))1～E卜1[%"(6')σ1(ん')]]・
SincethisexpressiGnispos1tive,theRHSisani㏄reasingfunctionofc♂-1・
(Whetherthisisconvexorconcaveisindeter皿inate,sinceanassumption
aboutthes玉gnof∫"'isnotintroduced.)Figureli11ustratesthebothsides
of(2-15)inthecasewhereo;8(ん,)<ol(ん,).Thevalueofabscissaofthe
pointofintefsectionofthebothcurvesistheoptimalpercapitaconsulnption
attime'-1.Thefigure『howsthato江1(勘_1)<o;_1(島_1).Itisobvious
'魑
thethatlfo,(ん の>o;(海,)theno;二1(尾_1)>o㌻1(々 卜1).Therefore,wehave
importantba6kwardrecursiverelationbetweenoptimalamountsof
capitaconsumptiollatadjacenttimeperiods
(*)c;串 ㈲io;㈹ ⇒61二 、(ん'_、)葦o;_、(々'_、)・
.≠=1,2,…,7「
(Notethatforthecase%'"<Othisrelationholdsaswe1L)
per
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の_1(島L1)mustsatisfy
1+ア'㈱(3-3)%'(Cr_1(々7_ユ))=REr_、[%'(OT㈲)]1十
%F_1
一㍉驚)R恥'(々T十!(々T)一(1十 π7)ノ1)]
DifEerentiating・ 〃(6r(砺))twicewithrespecttotherandomvariableπτ
yields∠4、2%"'(cT(ん7))>0.Hence,%'(c7(ん7))isastrictly.convexfunctionof
〃7.Itf6110ws,therefore,that
(3-4)E7_1[2〆(ん7十.プ(ん7)一(1十%夢)ノ4)]
>E。.、[・'(駐 ∫㈲ 二(1+%扮A],
sincetheexpectedvalueofafunctionofarandomvariableincreases
(decreases)withameanpreservingincreaseinuncertaintywhenthe
functionisstrictlyconvex(βoncave).AsinFig∬elillustratetheequation
(3-3)correspondingtoη雰and%}toget.
(3-5)6蓼_1(ん7_1)〈o}_1(ん7_1).
(Thefigufeisomhted.>
Itisobviousthatthepropositio粋holdswhen%"'=Oor<0.Ω,E,D。
4.OptimalAccumulat豊onProgramwithEndogenously
Determine4TerminalCapi重alI:TheModela血d
DerivationoftheOptimalPolicies
Thissectiondealswiththesecondmodelwithanalternativeterminal
condition.Inthemodeltheobjectivefunctiontobemaximizedismodified
as',
(4-1)Eo[Σ1～'%(o彦)十1～7+ヤ)(んナ+1)],渉 二 〇,1,・ ・。,T
'=O
where
(一 轍 一色1=Po
and』
(、.、),1、。+、)。・皇。翻 ・`・ ≒・,・〉・ ・
.ゐ109ん7+、,α=1,
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Theaccumulationequationandtheinitialconditionarethesameasthe
・forego三ngmode1.工tisassumedinthislnodelthat<%o,%1,…,%T>isa
『
sequenceofindependentlybutnotnecessarilyident三c鼠11ydistributedrandom
variablesassumedtobeobservable 、atthe,endofeachtimeperiod.
Therefore,E,inthis卑odelmeanstheexpectationoperator,conditionalon
島and%卜 、.p(砺+1)三stheva正uationfunctionoftheterminalcapitalper
head.Boththeutilityfunctions%()and望)()areassumedtobelong
toaclassoftheconstantrelativeriskaversion(iso・elastic)utilityfunctions.
Thesoc三alwelfareistheexpectedvalueoftotaldiscountedutilityaris玉ng
frolnboththecurre簸tpercapitaconsumptionstreamandtheterminalper
capita丘xedcapitalstock.Iwouldcallthismodelthe(～ρ'吻 αZα60%物%1観oη
ρ劣087θ 〃2z擁 渉乃6%ご 」ρ9召%o鋸 砂4θ ∫6ノ勉 勿94'27〃 ¢ノηα10砂 ゴ'α1,sinceinthemodel
theoptimalterminalcapital-laborratioisendogenouslydeterminedalong
withthedecisionoftheQPtimalterminalconsumptionperhead.
Themodelissummar量2edasfollows.
MaximizeEo[Σ1～'%(c重)十R7+1ψ(転 ユ)]
Co,c1,…,Or'=0
〃ω一旗 昌1ご ゐo・(勝+エ 〉一
・ub」ectt・ ・　 一、㍍(・ ・+∫㈹ 」・∂・
o≦c≦ ん珪 ノ(ん'〉,
々o=望'〃6%,0<々o<十 〇〇
<%o,%1,…,%7>:asequenceof
necessarilyidenticallydistril)uted
1皇 σ縁青α,σ≒1,α>0
∂ 旋〕9々r+1,6=1
Asbe表)rerelying如onthebackwardrecursivemanner
programmlng
optimalpercapitaconsumptio耳atthelaststageisgivenby
independentlybutnot
randomvariablesob.
servable'attheendofeachtimeperiod,-1<η,<+Qo
オ=0,1,…,T・
・fthedynamic
techniquesyie正dstheoptimaiaccumu互ationpoiic1es.The
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(4-・)・・㈲ 一、転(ん ・+!(ん・)),加11・ 〉・
where.
(・一・)…{1郷1(1剛]路 窟
Thesocialwelfareasoftimeガmaximizedbyusingtheoptimalpolicies
isdefinedby
(4-6)ノ ≧(々')="¢ ακ ・E`[271～ ε一'%(6s)十'配 丁+1一 彦～ρ(んT+ユ)]
6,,…,675ニ'
=E,[Σ1ヒs『 オ%(c、(ん、〉)+R7'+1一 ゆ((1+%ア)}1(ん7+∫(々・)
s='
-07(々7)))].
≠二 〇,1,…,T;s=ち 彦+1,・ 一,T
Furthermore,thefunctionゐ(鳥)satisfiesthefundamentalrecursionre.
lation'
(4-7)1`(々 ∂=〃2α κ[%(6,)十1～E8[ノ`+1(鳥+1)]]
o'
吻(6`㈹)+RE彦[ゐ+、((1+%,)-1(島+!㈲一 〇`(ん,)))].
'=Q,1,…,7-1
乃(ん7)isgivenby
(4-8)ノ1(々 の一
(、転)一 ・、差。例(・ ・))卜… ≒・
(971十9T)一・如幽+!(・ ・))・1・、宰。,+・ゴ・1・臆
一97「1Ez・[Jo9(1十%7・)].
Asequenceofremainingoptimalconsumption
oτ一、(々7_1)>isgivenassolutionstothe五rstorderdifferenceequation
(4-・國 二・-RE'[、'。 μ 　)]
1千 ∫'(島 。、)
c,+、(ん,+、)一 α].〆b7αJZα>0=RE`[1十
勉
'=0,1,…,7Ll
Anotherexpressionoftherelationbetweenゐ(々,)and6`(島)『isgivenby
(4-10)1;(ん ξ)=(1十 ∫'(島))o,(々,)　 α.ノbプ ごz〃 α>0-'=0,1,・・。,7、
α=1
policies<6。(々 。),6、(々 、),…,
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Thefunction6げ(ん∂represent三ngtheoptimalconsumptlonpolicieshas
thefollowingproperties。
PROPOSITION1'.
(4-11)0〈o;(々,)<1十ノ'(々彦).≠=0,1,…,ク 、
(ProGfisQmitted.)Proposition2holdswithoutany.modi丘cat丘onforthis
model.
?
?
Conti聾uedII:TheEffectsofIncrbasedU踵certai皿ty
ontheOptimalAccumula重ionPolicies
Thefbllowingpropositionstatestheeffectsofincreaseduncertaintyon
theoptimalprogramofcapitalaccumulation.Na皿ely,whenwegoξrom
aIlySeqUenCe<%1,%1,…,η1>tOamOreUnCertainSeqUenCe<π1壌, .%r,…,瞭>
leavingthemeansunchangedtheoriginaloptimalconsumptionpolicies
〈cl(んD),cl(ゐ1)・ … ・c㌻(々 の 〉 皿ustberevi串edtonewpolicies<cδ寧(々o)・ol"(ん1)・ ∵・・
6撃(々T)〉,Theresultissensitivetothevalueofthemeasureofrelative
riskaversion,
PROPOSITION4.
(,.、)。r㈹r聯 貿Σ1:lo瞬
=o,(ん ∂ α5θ=10/6z=2.・
歩0,1,…,7
Proof.In(4-5)forthecaseα ≒r1,(1十2¢r>α 一1isastrictlyconvex
(concave)functionof%7asO<α<10rα>2(1<α<2),Sincetheexpected
valueofafunctionofarandomvariableincreases(decreases)withamean
pfeseエvingincreaseinuncertaintywhenthefunctiongisstrictlyconvex
(concave)・wehave .1
(5-2)
9繋<9
9㌘>9
ゆゆ
97==2
??? ?? z.6.,o撃(ん ナ)<cち(ん 塗)αsO<α<lo7α>2,
ゴ.θ。o㌘ 働>c}(ん7)αs1<α<2,
4.6・,6欝(勧=・ 》㈱.σsα=2,
where
(5-{3)9}(*)=[∂ ・～～E7[(1十%}(半))房 皿1コ]一 ユノσ・
1
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Next,(4-5)for中e
,Bernoul耳logarithmiccaseσ=1inlplies毒=g㌻,ピ.
a,c夢(んr)=cひ(ん ナ).
Sincethe1)ackwardrecursionrelationGftheadlacentoptimalcon.
sumptionpolicies,(*),holdsinthismodelaswell,the .propositionis
establishedbytheinductivereasoning.Q.E.D.
,6.Conclusions・
InthispaperIhaveintroducedthelabor.forcesupPlyunc6rt母inty
intQtheneGclassica1「aggfegative(one-sector)modelofoptimaleconomic
growth.TheaccumulationprogramWhichmaximizestheexpectedtotal
discour此edpercapitautilityoveragivenpl&nninghorizonisconsideredto
analyzetheimplicationsofuncertainfuturelaborforcesupply.By
applyingthedynamicprogrammingtechniquestheoptimalconsumption 、
policiesarederived.Boththeoptima1'consumptionandtheassociated
socialwelfareaエeincreasingfunctionsoftheaccumulatedfixedcapital.
。Thelnainobjectoftheanalysisistoinvestigatetheeffects』ofmean
preservingincreaseinuncer槍 三ntyontheoptimalcurrentconsumptionノ.
investmentstrategies.Ihaveconsideredthisquestionunderthealternative
terminalcond辻ionsandh歌veobta玉ned'thediffefentexactエesults.
Ihavecbnfirmedthe量mporちanceofthethirdderivative』oftheutility
functio耳,z〆",forthe(ψ'勿zαZα06%勉z盛1α彦ゴo%ヵ プog7α 勉 勿 露〃 勿 癖 α～む ρ76,
s67必 θ4彦 θグ粥 勿 α1α ゆ 露α1thatcanbeseenasthediscrete-t圭mestochastic
Cassmodelofoptimalgrowth.Namely,Ihaveverifiedthatwhen〃">0
(<0)anincreaseduncertaintyincreases(decreases)theoptimalinvestment
i隻thefixedcapitalstock.
Ontheotherhand,toderivetheclear・cutresultsIhaveassumedthe
constar式relativeriskaveτsion(iso・elast董c)utilityfunctionsfortheρρ'勿zαZ
・σ66%勉%1観0%〃708・7α 吻 ω励6π40～ 喫%0%吻46'6プ 窺 吻64'6ノ 煽%α1α ψ 露α1・I
havefQundthesign迂icanceofbothα=1andα=2ascriticalvalues
(β=cohstantmeasureoftherelativeriskaversionorelasticityofthe
皿arginalutility).Naniely,whenO<α<10rα>2anincreaseduncertainty
increasestheoptimalinvestment,whereaswhen1<α<2anincreased
uncertaintydecreasestheoptimalinvestment.Theseqollditionshavenot
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yetbeenknow孕inthepreviousliterature,whi1¢theconditionsα ミ1have
beenwe11knownsincePhelps.
Ingeneral,therateofeconomicexpansionofacountryisgoverned
bytherateofcap銃alaccum!uIation(orpropensitytosave),therateof
population(6rlaborf6rce)increase,therateof.techn三calprogressandthe
rateofgrowthoftheinternationaltrade,capitalmovementsandaid,givell
theinstitutionalandorganizatiorlalarrangements.InanactualecQnomy
thesefactorsalwaysundeτ9・randomd量sturbances.Inth三ssensethe
theoryofeconom量cplanningshould1〕ereinforcedbythestochasticcontrol
theory.Ineverycountrytheforecastingoffuturepopulationandlabor
f・rceis・eallyveryhard・Inthe飽 ・ecastingdem・9・aphi・寧pe・i・li・t・'v量ews
seldomcoincide.Insuchanuncertainsituationthecentralplanningboad
isobligedtorevisetheoptimalplanofaccumuiat{onincompafisonwith
thecertaintycasewithidealperfectforesight.MytheQreticalanalys三s
inth量sρapermightcontributetothinkingofthisdi珊cultbutimportallt
problem.
ル%ゴ07(わ1彪 望.α 郷6,α αグ%ぴ 吻6ア 吻(ヅCo御耀 〆06
α 礎%,∬o肋 鰯o,1⑳ 醐
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